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ABSTRACT: We consider self-assembly of block copolymers with one charged (polyelectrolyte) and one
hydrophobic block in a salt-added solution. In the case of short hydrophobic and long polyelectrolyte
block the copolymers form starlike polyelectrolyte micelles, while in the opposite case so-called crew-cut
micelles are found. Upon an increase in the salt concentration the number of chains in a micelle increases,
while the radius of the micellar corona weakly decreases due to enhanced screening of the Coulomb
repulsion between the charged blocks. The exponents of the corresponding power-law dependences are
obtained on the basis of scaling arguments and compared to the experimental observation.

1. Introduction
Block copolymers with one polyelectrolyte and one

hydrophobic block (or hydrophobically end-modified
polyelectrolytes) can be viewed as ionic polymeric sur-
factants. The adsorption of hydrophobic blocks on a solid
substrate as well as their anchoring at water-air and
water-oil interfaces gives rise to monolayers or poly-
electrolyte brushes formed by water-soluble blocks.
Such structures have been extensively studied both
theoretically1-4 and experimentally5-8 during the past
decade due to their diverse industrial and biomedical
applications.9,10

Alternatively, the hydrophobically modified polyelec-
trolytes can associate in micelle-like aggregates of
different morphologies. The self-assembly of charged
block copolymers in the solution at concentrations above
the critical association concentration (CAC) results in
the formation of aggregates consisting of a dense
hydrophobic core formed by insoluble blocks and the
extended charged corona, which ensures solubility of
micelles in water.11 We refer to these aggregates as
“polyelectrolyte micelles”. Depending on the geometry,
the coronae of such micelles can be envisioned as curved
polyelectrolyte brushes1,2,4 or regularly branched12,13

(star- or comblike) polyelectrolytes.
The association equilibrium and the structure of

micelles formed by block copolymers with charged
soluble block are governed by the competition between
hydrophobic attraction of insoluble blocks and the
Coulomb repulsion between charged monomers in the
micellar coronae. The latter interaction is strongly
mediated by the counterions which are always present
in the solution to ensure its electroneutrality as a whole.

The equilibrium structure of the polyelectrolyte mi-
celles formed in a salt-free solution has been analyzed
in refs 14-17. However, the screening effects which
arise in a salt-added solution and even in a salt-free
solution close to CAC remained mostly out of the scope
of these earlier studies or were underestimated18 (see
discussion in ref 13 for details).

The goal of this paper is to analyze systematically how
the ionic strength of the solution (controlled by the
concentration of added low-molecular-weight salt) af-
fects the CAC and the equilibrium characteristics of
spherical micelles. Our analysis employs the scaling
model which was developed in our earlier studies of the
charged polymer stars13 and polyelectrolyte brushes.2,3

In the framework of this model we calculate the free
energy of a spherical polyelectrolyte micelle and obtain
its equilibrium characteristics as a function of the ionic
strength in the solution. We focus on the main experi-
mentally measurable properties of the micelles: the
aggregation number p (the number of chains associated
into one micelle) and the micelle overall size.

The rest of the paper is organized as follows. In
section 2, we describe the model of a charged spherical
micelle. In section 3, we review the results for neutral
starlike and crew-cut micelles. In section 4, the struc-
ture of the charged starlike micelles in the salt-free and
salt-added solutions is considered, and the equilibrium
parameters of micelles and CAC are obtained. In section
5, we analyze the crew-cut polyelectrolyte micelles, and
in section 6, we summarize our results and conclusions.

2. Model
We consider a dilute solution of block copolymers,

each comprising a hydrophobic block with the degree
of polymerization NB and a polyelectrolyte block with
the degree of polymerization NA. Both blocks are as-
sumed to be intrinsically flexible (the statistical segment
length is of the order of a monomer unit length a, which
is taken as the unit length in our subsequent analysis),
and the polyelectrolyte block is weakly charged, i.e.,
comprises the fraction R , (a/lB)2 = 1 of charged
monomers. Here lB ) e2/kBTε is the Bjerrum length,
which is of order 0.7 nm in water under normal
conditions (e is the elementary charge, ε is the dielectric
constant of the solvent, T is the temperature, and kB is
the Boltzmann constant). The fraction R of charged
monomers in the A-block is assumed to be quenched,
i.e., independent of the external conditions. Because of
the electroneutrality condition, the solution contains
also counterions which, in total, compensate the overall
charge of ionic blocks of copolymers and, in the general
case, also salt. The salt concentration, cs, in the bulk of
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the solution determines the Debye screening length, rD
= (lBcs)-1/2.

The nonelectrostatic, short-range interactions be-
tween uncharged monomer units are described by the
dimensionless second, vA, vB, and the third, wA, wB,
virial coefficients which are normalized by the factors
a-3 and a-6, respectively. As water is a poor solvent for
the hydrophobic B-block, vB is negative and proportional
to the relative deviation form the θ-temperature, vB =
-τB ≡ (θB - T)/θB e 0. (We remark that usually the
solubility of hydrophobic polymers in water decreases
upon an increase in T.) On the contrary, for uncharged
monomer units of a polyelectrolyte block water is
assumed to be a marginal good or Θ-solvent, i.e., vA =
0. This approximation is justified because the dominant
contribution to the interactions in the micellar coronas
is provided by the Coulomb repulsion. The third virial
coefficient, w, which is virtually independent of T, is of
order of unity.

At concentrations above CAC the block polyelectrolyte
chains associate to form micelles. In these micelles the
hydrophobic blocks stick together to form the dense core
(the density of the core is ∼τB) while the polyelectrolyte
blocks remain in water phase and form the micellar
corona. In our analysis we consider the charged corona
of the micelle as a polyelectrolyte star (if the core radius
is much smaller than the overall size of the corona) or
as a curved polyelectrolyte brush in the opposite case.
This enables us to use the earlier results obtained in
refs 2-4,12, and 13 to calculate the free energy of a
micellar corona.

The free energy of a chain in a micelle with aggrega-
tion number p yields

and comprises the coronal contribution, Fcorona(p), the
entropic penalty for the extension of the hydrophobic
blocks in the micellar core, Fcore(p), and the excess free
energy of the micellar core/water interface, Fsurface(p).

Minimization of the free energy, eq 1, with respect to
the aggregation number p enables us to find the number
peq of associated block copolymers and the free energy
of a chain in the equilibrium micelle. The CAC can be
found from the condition of equality of chemical poten-
tials of a chain in associated and dissociated states, i.e.,
µ(diss)(c) ) µ(ass)(c) at c ) CAC, which results in

We note that this approach is an extension of an earlier
one19,20 based on the scaling model21-24 of neutral block
copolymer micelles.

3. Neutral Block Copolymer Micelles
As an important reference point for our subsequent

analysis, we review first the main results of the scaling
theory of micelles formed by block copolymers with
neutral soluble blocks.19,20 In the case of strongly
asymmetric block copolymers (NA . NB) the size of the
micellar core, Rcore(p) = (pNB/τB)1/3, is much smaller than
the radius, Rcorona, of the micellar corona, so that the
micelle is reminiscent of the starlike polymer (see Figure
1a). In the framework of the scaling theory, the corona
of the starlike micelle can be envisioned21,22 as an array
of concentric spherical shells of close-packed blobs. The
condition of close packing imposes the blob size, ê(r) =

rp-1/2, equal to the average distance between the coronal
blocks (here r is the distance from the center of the
micelle). Each blob corresponds to the ∼ kBT contribu-
tion to the free energy of steric repulsion between the
coronal chains. After calculating the total number of
blobs in the micellar corona, one finds the free energy
of steric repulsion (per chain) as

where Rcorona = NA
3/5vA

1/5p1/5 and Rcorona = NA
1/2p1/4 under

good or θ-solvent conditions for coronal chains, respec-
tively. The excess free energy of the core-water inter-
face is given by

where kBTγ = kBTτB
2 is the surface tension at the core-

water interface and

is the area of the core-water interface per chain. For
strongly asymmetric copolymers the third contribution,
Fcore, is negligible, and the minimization of Fcorona(p) +
Fsurface(p) with respect to p results in an equilibrium
aggregation number

An important feature of eq 6 is an absence of the power-
law dependence of the aggregation number peq on the
length NA of the coronal block.

In the opposite limit of short polyelectrolyte blocks,
NA , NB, the size of the micellar core, Rcore(p), exceeds
by far the thickness of the corona. The coronae of these
so-called crew-cut micelles can be viewed as quasi-
planar polymer brushes23,24 (Figure 1b). The thickness
of the corona Hcorona ) Rcorona - Rcore scales as Hcorona =
NAvA

1/3s-1/3 or Hcorona = NAs-1/2 while the number of the
coronal blobs per chain ∼ Hcorona/ê is proportional to the
free energy of the interchain repulsion and equals
Fcorona/kBT = NAvA

1/3s-5/6 or Fcorona/kBT = NAs-1 under
good and Θ-solvent conditions for the coronal chains,
respectively. Taking into account eq 5 and minimizing
the free energy with respect to p, we obtain the equi-

F(p) ) Fcorona(p) + Fcore(p) + Fsurface(p) (1)

ln CAC ≈ (F(peq) - F(p)1))/kBT (2)

Figure 1. Starlike (a) and crew-cut (b) block copolymer
micelle. p g 1 is the aggregation number, NA is the number of
monomers in the hydrophilic block, and NB is the number of
monomers in the hydrophobic block.

Fcorona(p)/kBT = p1/2 ln
Rcorona

Rcore
(3)

Fsurface(p)/kBT = γs = (NBτB
2)2/3p-1/3 (4)

s = Rcore
2(p)/p = (NB/τB)2/3p-1/3 (5)

peq = (NBτB
2)4/5(ln Rcorona

Rcore
)-6/5

(6)
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librium aggregation number for the crew-cut micelles:
peq = NB

2τB
14/11NA

-18/11vA
-6/11 (good solvent) and peq =

NB
2 τBNA

-3/2 (Θ solvent). In contrast to the case of
starlike micelles, the equilibrium aggregation number
in the crew-cut micelles strongly decreases upon an
increase in the degree of polymerization of the soluble
blocks because of their stronger interaction.

4. Starlike Polyelectrolyte Micelles
The starlike polyelectrolyte micelles are formed by

strongly asymmetric copolymers with short hydrophobic
and long polyelectrolyte block. Below we calculate the
interaction free energy in the polyelectrolyte micellar
corona on the basis of a scaling model developed in refs
12 and 13.

4.1. Salt-Free Solution. 4.1.1. Structure of the
Micellar Corona. We start our analysis from the case,
when the solution contains only copolymers and coun-
terions but no salt. The equilibrium distribution of
mobile counterions inside and outside the corona and
the extension of the coronal chains are determined by
the balance of (i) Coulomb interactions between all the
charges (charged monomers and counterions), (ii) trans-
lational entropy of counterions, and (iii) conformational
entropy penalty for the extension of the coronal chains.

The counterions spread fairly uniformly over the
whole volume of the solution, if the number of coronal
chains (the aggregation number in our case) is small,
i.e., p e R-1/2lB

-1. The balance of the energy of the
unscreened Coulomb repulsion, FCoulomb/kBT = lB(pRNA)2/
Rcorona, and the conformational entropy penalty for the
extension of the coronal chains, Fconf/kBT = pRcorona

2/
NA, results in the extension of the coronal chains up to
Rcorona = NA(R2lB)1/3p1/3.

On the contrary, when the number of chains associ-
ated into a micelle is large, p g R-1/2lB

-1, the energy of
the Coulomb attraction of counterions to the charged
corona is strong enough to retain most of the counter-
ions inside the coronal space. This effect known as
“charge renormalization” has been first proposed for
charged colloidal particles by Alexander et al.25 The
Coulomb repulsion between the coronal chains is strongly
screened and their extension, Rcorona = NAR1/2, is deter-
mined primarily by the osmotic pressure of trapped
inside the corona counterions.

Each polyelectrolyte chain in the micellar corona can
be envisioned as a string of electrostatic blobs of equal
size,

which are not close packed (Figure 2a). Because of the
interchain Coulomb repulsion, the blob size in the
micellar corona is smaller than that in an individual
polyelectrolyte chain: ê(p) e ê(p)1) ≡ êe = (R2lB)-1/3.
The presentation of the coronal chains as strings of
electrostatic blobs of constant size (eq 7) applies except
for the region proximal to the core, r e p1/2ê(p) ≡ F(p).
Here, the polymer concentration is sufficiently high to
ensure predominance of the nonelectrostatic (steric)
interactions over the electrostatic ones, and the blobs
are close packed just as in the corona of a neutral
micelle. Clearly, the proximal region exists, if the core
is sufficiently small, Rcore e F(p).

4.1.2. Micellization in a Salt-Free Solution. The
coronal contribution to the free energy for a micelle with

a small aggregation number, p e R-1/2lB
-1, is equal to

the energy of Coulomb repulsion between the coronal
chains and can be simply estimated as the number of
coronal electrostatic blobs per chain,

The free energy of the corona at p g R-1/2lB
-1 comprises

also the translational entropy penalty for the localiza-
tion of RN counterions per chain within the corona. As
a result, we get

ê(p) = {(R2lB)-1/3p-1/3, p , R-1/2lB
-1

R-1/2 p . R-1/2lB
-1 (7)

Figure 2. Blob picture of the starlike micellar corona at cs e

cs
(1) (a), cs

(1) e cs e cs
(2) (b), cs

(2) e cs e R3/2 (c), and R3/2 e cs e cs
(3)

(d).

Fcorona(p)
kBT

=
Rcorona(p)

ê(p)
= NA(R2lB)2/3p2/3, p , R-1/2lB

-1

(8)

Fcorona(p)/kBT = NAR ln(pNAR/Rcorona
3),

p . R-1/2lB
-1 (9)
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The minimization of the overall free energy per chain
in a micelle, Fcoronal + Finterface, given by eqs 8, 9, and 4
leads to the following expressions for the aggregation
number

and for the size of corona

where we have introduced the characteristic ratio K ≡
NB

2τB
4lB/NA

3R5/2. Hence, depending on the value of K,
either “small” unscreened micelles (at K , 1) or large,
osmotic micelles (at K . 1) are formed above CAC. As
one can expect, the aggregation number appears to be
a strongly decreasing function of the degree of polym-
erization and the fraction of charged monomers in the
coronal A-block. As a result, starlike polyelectrolyte
micelles are expected to be marginally stable in salt-
free solutions.

The chemical potential of a chain in the dissociated
state reads

where c is the concentration of polymer chains in the
solution; the first and the second terms account for
translational entropy of the chain and of the counter-
ions, respectively; the third term describes the free
energy of the extension of the A-block, and the last term
is the excess interfacial energy of the collapsed B-block.
The chemical potential of a chain in the associated state
yields

where the equilibrium aggregation number peq and the
radius of the corona Rcorona, eq are given by eqs 10 and
11, respectively. Using eqs 12 and 13 and keeping only
the leading terms, we find

The appearance of the factor (RNA)-1 in the first
(negative) term in the case of osmotic micelles, K . 1,
is related to the entropic penalty for the localization of
counterions upon micellization.26 This effect results in
significant increase in the CAC as has been discussed
earlier in context of condensation of counterions on the
surfactant micelles.27

4.2. Salt-Added Solution. 4.2.1. Structure and
Free Energy of the Corona. The screening effect of
salt in the corona of a micelle with a small aggregation

number, p e R-1/2lB
-1, becomes important when rD e

Rcorona, i.e., when

For the osmotic micelles comprising large number of
chains, p g R-1/2lB

-1, the onset of the screening effect
of salt occurs at

which corresponds to the equality of the bulk salt
concentration, cs, and the average concentration of
counterions in the micellar corona.

At higher salt concentration the corona can be sub-
divided into several concentric regions which differ with
respect to radial dependences for the local structural
properties. In Figure 3 the positions of the boundaries
between the regions are plotted as a function of salt
concentration cs. Two additional characteristic salt
concentrations

can be introduced; as follows from the subsequent
discussion, they correspond to crossovers between dif-
ferent structural regimes for the micellar corona.

We analyze first the salt-induced evolution of the
coronae of the osmotic micelles, p g R-1/2lB

-1; in the end
of the section we briefly discuss the case of micelles with
small, p e R-1/2lB

-1 aggregation numbers.
Salt Range cs

(1) e cs e cs
(2). The micellar corona

comprises (i) the proximal region, Rcore e r e F(p),
dominated by nonelectrostatic interactions, (ii) the
region of uniform extension, F(p) e r e rs, where the
local concentration of counterions ci(r) is still higher
than the salt concentration in the bulk of the solution,
cs, and (iii) the peripheral, affected by salt, region rs e
r e Rcorona(cs) (Figure 2b). The position of the boundary,
rs, between the affected by salt periphery of the corona
and the region of the uniform extension is given by rs =
(pR1/2)1/2cs

-1/2; it is displaced toward the center of the
micelle upon an increase in cs.

In the affected by salt extremity of the corona the
chain extension decreases in the radial direction. This

peq = {(NBτB
2)2/3NA

-1(R2lB)-2/3, K , 1
(NBτB

2)2(NAR)-3, K . 1
(10)

Rcorona, eq = {NA
2/3(R2lB)1/9(NBτB

2)2/9, K , 1
NAR1/2, K . 1

(11)

µ(diss)(c) = ln c + RNA ln(RNAc) + NA(R2lB)2/3 +

(NBτB
2)2/3 (12)

µ(ass)(c) =

{RNA ln(RNAc) + NA(R2lB)2/3peq
2/3 + (NBτB

2)2/3peq
-1/3, K , 1

RNA + RNA ln(RNApeq/Rcorona,eq
3) + (NBτB

2)2/3peq
-1/3, K . 1

(13)

ln(CAC) =

{(NBτB
2)2/3 + NA

1/3(R2lB)2/9(NBτB
2)4/9, K , 1

-(NBτB
2)2/3(RNA)-1 + ln[(NBτB

2)2NA
-6R-9/2], K . 1

(14)

Figure 3. Evolution of the boundaries of different regions of
the micellar corona as a function of salt concentration.

cs g cs
(1′) ≡ p-2/3R-4/3lB

-5/3NA
-2, p e R-1/2lB

-1

cs g cs
(1) ≡ pR-1/2NA

-2, p g R-1/2lB
-1

cs
(2) ≡ plB

-5/3R-4/3NA
-2

cs
(3) ≡ R4/3lB

-1/3
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is reflected in a sublinear growth of the blob size as a
function of r,

as illustrated in Figure 2b.
The radius of the corona Rcorona(cs) is determined by

the condition of conservation of the total number of
monomers as

where

is the polymer density profile in the micellar corona and
the blob size ê(r) is given by eq 7 at F(p) e r e rs or by
eq 15 at rs e r e Rcorona(cs), respectively.

The free energy of the corona (in the units of kBT)
can be evaluated as the total number of elastic blobs,

At concentrations of salt cs . cs
(1) the integral on the

rhs in eq 16 is dominated by the upper limit. As a result,
the radius of corona scales as

while the rhs of eq 18 is dominated by the upper limit
of the last integral to give

With increasing salt concentration, cs, the dimensions
of the coronal blobs increase according to eq 15. At salt
concentration cs = cs

(2) the size of the outermost (the
largest) coronal blob reaches the value of êe. Simulta-
neously, the Debye screening length, rD = (lBcs)-1/2,
becomes equal to the average distance Rcoronap-1/2

between the chains at the edge of the corona.
Salt Range cs

(2) e cs e R3/2. The region of growing
blobs, whose size is given by eq 15, extends in the range
rs e r e rDp1/2. The interchain interactions in the
peripheral part of the corona, rDp1/2 e r e Rcorona, is
equivalent to the short-range repulsion with the renor-
malized excluded-volume parameter vA

(eff) = R2cs
-1;

each chain can be presented as a semiflexible chain of
electrostatic blobs of size êe with the effective segment
length of order rD (Figure 2c).

The radius of the corona follows from the conservation
condition for the polymer density profile, eq 16, with

The integral in eq 16 is still dominated by the upper
limit thus leading (in the main term) to eq 19 for the

corona size. The free energy of the corona can be
presented as

The rhs of eq 22 is dominated by the upper limit of the
second integral to give

With increasing salt concentration both the lower, rs,
and the upper, rDp1/2, boundaries of the region of
growing blobs decrease proportionally to cs

-1/2 as long,
as rs remains larger than the radius F(p) of the proximal
region. The region of uniform extension shrinks and
eventually disappears; that is, the crossover rs = F(p)
occurs at salt concentration cs = R3/2.

Salt Range r3/2 e cs e cs
(3). The proximal region

merges with the region of growing blobs (Figure 2d). The
boundary between these regions is given by F(p,cs) =
p1/2R-2cs. The monomer density in the corona obeys eq
21, where the blob size ê(r) is given by eq 15 in the range
F(p, cs) e r e rDp1/2.

Equation for the free energy of the corona assumes
the form

The size of the corona scales according to eq 19, whereas
the leading terms in Fcorona(p) scale according to eq 23.

Upon an increase in the salt concentration, the radius
F(p,cs) = p1/2R-2cs of the proximal quasi-neutral region
of close-packed blobs increases because of weakening
of the Coulomb interactions in comparison to the steric
repulsion (which remains unaffected by salt). As a
result, the region F(p,cs) e r e rDp1/2 of growing
electrostatic blobs shrinks, and eventually its upper
boundary rDp1/2 merges with the lower boundary F(p,cs),
i.e., the region of sublinearly growing electrostatic blobs
disappears at cs = cs

(3).
Salt Range cs g cs

(3). Finally, at salt concentration
higher than cs

(3) the Debye length rD becomes smaller
than the electrostatic blob size êe. This means that the
electrostatic blobs do not exist anymore, and the screened
Coulomb interaction between the charged monomers is
now equivalent to the short-range excluded-volume
repulsion with renormalized (effective) second virial
coefficient vA

(eff) = R2cs
-1. Therefore, the structure of a

neutral micelle in a good solvent is recovered. The main
contribution to the coronal free energy scales as

where Rcorona(cs) is given by eq 19 (cf. eq 3).
The described above picture of the evolution of the

structure of the micellar corona upon an increase in salt
concentration requires minor modification for the case
of small, p e R-1/2lB

-1, micelles. At salt concentrations

Fcorona(p)
kBT

= p1/2 ln
F(p)
Rcore

+ ∫F(p)
rDp1/2 dr

ê(r)
+ p1/2 ln

Rcorona

rDp1/2

(22)

Fcorona(p)/kBT = p1/2(R4/3lB
-1/3cs

-1)1/2 (23)

Fcorona(p)
kBT

= p1/2 ln
F(p,cs)
Rcore

+ ∫F(p,cs)
rDp1/2 dr

ê(r)
+

p1/2 ln
Rcorona

rDp1/2
(24)

Fcorona(p)/kBT = p1/2 ln
Rcorona(cs)

Rcore
(25)

ê(r) = (R2p)-1/3cs
1/3r2/3 (15)

pNA = ∫Rcore

RcoronacA(r)r2 dr (16)

cA(r) = {p1/2/r, Rcore e r e F(p)

pê(r)/r2, F(p) e r e Rcorona
(17)

Fcorona(p)
kBT

= p1/2 ln
F(p)
Rcore

+ ∫F(p)

Rcorona(cs) dr
ê(r)

(18)

Rcorona(cs) = NA
3/5(R2cs

-1)1/5p1/5 (19)

Fcorona(p)/kBT = (NAp2R4cs
-2)1/5 (20)

cA(r) = {p1/2/r, Rcore e r e F(p)

pê(r)/r2, F(p) e r e rDp1/2

p2/3cs
1/3R-2/3/r4/3, rDp1/2 e r e Rcorona

(21)
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cs
(1′) e cs e cs

(2) the chains in the corona remain uni-
formly stretched, in the range F(p) e r e rD, i.e., rs ≡
rD. The crossover rD = F(p) occurs at cs = R4/3lB

-1/3p-1/3.
At higher salt concentration the structure of the corona
is equivalent to that described above for the case cs
gR3/2.

4.2.2. Parameters of Equilibrium Micelle and
CAC. By making use of eqs 4, 20, 23, and 25, we can
now calculate an equilibrium aggregation number peq
as a function of salt concentration, cs. Minimization of
Fcorona + Finterface with respect to p gives

provided that peq(cs)0) g R-1/2lB
-1 or K g 1. When K e

1 or peq(cs)0) e R-1/2lB
-1, the effect of salt is negligible

as long as cs e cs
(1′) and the equilibrium aggregation

number obeys eq 10.
As follows from eq 26, the number of chains in the

equilibrium micelle increases as a power-law function
of the salt concentration in the range cs

(1) , cs , cs
(3),

while at cs . cs
(3) it continues to increase only logarith-

mically. It is worth noting that at high salt concentra-
tion, cs g cs

(3), the scaling equation for the aggregation
number typical for the neutral polymeric micelles, eq
6, is recovered.

To find the dependence of the radius of the corona of
an equilibrium micelle on salt concentration, we com-
bine eqs 26 and 19 to obtain

We find that an increase in the salt concentration in
the range cs

(1) , cs , cs
(3) results in a very weak

decrease in the radius of the micellar corona due to
competition of (i) enhancing screening of electrostatic
repulsion in the corona and (ii) increasing aggregation
number. The aggregation number and the corona radius
are depicted schematically in Figure 4 as a function of
salt concentration.

Finally, by substituting eq 26 into eqs 20 and 23, we
find the coronal contribution to the free energy of the
equilibrium micelle, and using eq 2, we find the depen-
dence of CAC on the salt concentration

We therefore find that ln(CAC) decreases as a power-
law function of the salt concentration in the range cs

(1)

, cs , cs
(3) and continues to decrease, but logarithmi-

cally at cs
(3) e cs e p-1/4R2NA

1/2.

5. Crew-Cut Polyelectrolyte Micelles

The corona of a crew-cut polyelectrolyte micelle can
be viewed as a quasi-planar polyelectrolyte brush, as
long as Rcore . Hcorona ≡ Rcorona - Rcore; i.e., the effect of
curvature of the core interface is negligible. The struc-
ture of a planar polyelectrolyte brushes has been
described in details elsewhere.1-3 Here we present only
the scaling-type arguments (cf. ref 2c) which enable us
to calculate the free energy of the micellar corona with
the accuracy of the leading terms and the omitted
numerical prefactors.

As demonstrated in refs 1-3, there are three impor-
tant length scales in the system. They are (i) the Debye
screening length rD = (lBcs)-1/2, (ii) the surface screening
length (the Gouy-Chapman length) λ = s/lBRNA, and
(iii) H0 = R1/2NA which scales as the brush thickness in
a salt-free solution provided that H0 . λ (the osmotic
brush limit).

5.1. Micellization in a Salt-Free Solution. The
equilibrium extension of the brush-forming chains in a
salt-free solution is balanced by the osmotic pressure
of counterions localized within the length ∼ max{H0,λ}.
The dominant term in the free energy per chain in the
corona of the crew-cut polyelectrolyte micelle scales
proportionally to the translational entropy of counteri-
ons, i.e.

When H0 . λ and the counterions are localized inside
the corona of the micelle, we find seq = RNAτB

-2 and
Hcorona = NAR1/2. The aggregation number in such a

peq(cs) =

{(NBτB
2)2(RNA)-3 cs , cs

(1)

(NBτB
2)10/11(R4NA)-3/11cs

6/11, cs
(1) , cs , cs

(2)

(NBτB
2)4/5R-4/5lB

1/5cs
3/5 cs

(2) , cs , cs
(3)

(NBτB
2)4/5ln(Rcorona/Rcore)

-6/5, cs . cs
(3)

(26)

Rcorona, eq(cs) =

{NAR1/2, cs , cs
(1)

(NA
3R)2/11(NBτB

2)2/11cs
-1/11, cs

(1) , cs , cs
(2)

NA
3/5R6/25lB

-1/25(NBτB
2)4/25cs

-2/25 cs
(2) , cs , cs

(3)

NA
3/5R2/5(NBτB

2)4/25cs
-1/5, cs . cs

(3)

(27)

ln(CAC) = -(NBτB
2)2/3 +

{(NBτB
2)4/11(R4NA)1/11cs

-2/11, cs
(1) , cs

(2)

(NBτB
2)2/5R4/15lB

-1/15cs
-1/5, cs

(2) , cs , cs
(3)

(NBτB
2)2/5ln(Rcorona(cs)/Rcore)

2/5, cs . cs
(3)

(28)

Figure 4. Schematic presentation of the dependences of an
equilibrium aggregation number (a) and the radius of the
micellar corona (b) for starlike micelles on salt concentration.

Fcorona/kBT = RNA{ln(RNA/λs), H0 , λ
ln(RNA/H0s), H0 . λ (29)
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micelle can be obtained by using the packing condition
5 to give

According to eq 30, the aggregation number in a crew-
cut micelle strongly decreases with increasing length
NA of the coronal block.

The condition Hcorona , Rcore holds as long as NB .
NA

2R3/2τB
-1, while at NB , NA

2R3/2τB
-1 the micelles

acquire a starlike shape. In the opposite limit of long
B-blocks, namely at NB . NA

3R3τB
-2 the entropic

penalty for stretching of the insoluble blocks in the core
dominates over the coronal repulsion and the universal
dependence peq = τB

2NB is recovered.
5.2. Micellization in a Salt-Added Solution. The

screening effect of added salt is important, when rD e

xλH0 if H0 . λ or at rD e H0
2/λ if H0 , λ. The brush

thickness H(cs) decreases with increasing salt concen-
tration as

The electrostatic interactions in the brush get screened
off, and the quasi-neutral behavior (dominated by steric
repulsions between the chains) is recovered at cs g
R2s1/2.

In the salt-dominated regime the interaction free
energy per coronal polyelectrolyte chain decreases upon
an increase in the salt concentration as

Assuming again the dominance of the coronal contribu-
tion to the free energy of the micelle over the free energy
of the extension of the B-blocks in the core, we obtain
an equilibrium area per chain

and an equilibrium aggregation number in a micelle

which, as expected, increases as a function of the salt
concentration cs. The corresponding exponent 6/5 is
remarkably larger than that in the case of a starlike
micelle. This reflects stronger interactions in the quasi-
planar corona of a crew-cut micelle. Again, similar to
the spherical corona of a starlike micelle, the extension
of the corona of a crew-cult micelle decreases with
increasing cs despite decreasing area per polyelectrolyte
chain. Combining eqs 34, 5, and 31, we get

while the size of the core (which dominates the overall
size of the crew-cut micelle) grows with increasing salt
concentration ∼ peq

1/3(cs) ∼ cs
2/5.

At sufficiently high salt concentration the growth of
the micelles is limited either by screening off of the
electrostatic interactions in the corona (transition to the
quasi-neutral behavior for the coronal blocks) or by the
limiting extensibility of the core block; in the latter case

the morphological transition from spherical to cylindri-
cal micelles is expected to occur.

As follows from eq 33, the coronal free energy per one
chain in the equilibrium crew-cut micelle scales as
∼τB

2seq = R4/5τB
4/5NA

3/5cs
-2/5. Hence, for the CAC we find

As expected, the CAC is an increasing function of the
degree of ionization R and of the length of the coronal
block NA and a decreasing function of the salt concen-
tration cs and of the length of the core block NB.

6. Discussion and Conclusions
We have presented the scaling theory describing the

equilibrium structure of micelles formed by diblock
copolymers with one hydrophobic and one polyelectro-
lyte block in salt-added aqueous solutions. The theory
enables us to obtain the power law dependences for the
main characteristics of the micelle (the aggregation
number, the corona, and the core sizes) and for the CAC
as a function of the length of both blocks, the degree of
ionization of the polyelectrolyte block, and the concen-
tration of added electrolyte.

As we have demonstrated above, addition of salt to
the micellar solution leads to (i) decreasing CAC, (ii)
increasing aggregation number in the equilibrium mi-
celles, and (iii) weak decrease in the span of the micellar
corona.

The first two trends are easily explainable, because
addition of salt leads to enhancing screening of the
Coulomb interactions. As the Coulomb repulsion be-
tween the coronal chains is reduced due to addition of
salt, the larger number of chains can be involved in the
formation of an optimal micelle (increasing aggregation
number) and the lower is the free energy per chain in
such a micelle (lowering of the CAC). Therefore, even
when the block copolymers with a polyelectrolyte block
do not form micelles in a salt-free solution, the micel-
lization can be promoted by adding salt.

A weak decrease in the span of the micellar corona
upon an increase in the salt concentration results from
partial compensation of two opposing trends: addition
of salt results in weakening of the Coulomb repulsion
between charged monomers and, as a result, in weaker
extension of the coronal chains. This effect is, however,
amplified by an increase in the aggregation number (the
latter results in stronger crowding of the coronal chains).
Altogether, the span of the corona decreases with
increasing salt concentration, but much weaker in
comparison to its decrease in the micelle with fixed
(quenched) number of chains.

As is illustrated in Figure 4, the effect of salt is
expected to be negligible at cs e cs

(1), where cs
(1) is

proportional to the concentration of counterions trapped
inside the micellar corona. At cs g cs

(3) screened Cou-
lomb repulsion in the micellar corona becomes equiva-
lent to the short-range binary repulsive interaction
between monomers in a good solvent. The magnitude
of the effective excluded-volume parameter is, however,
determined by the degree of ionization and the salt
concentration. Therefore, at cs g cs

(3) the aggregation
number acquires the same power-law dependences as
in neutral block copolymer micelles, i.e., depends only
logarithmically on the corona dimension and, conse-
quently, on the salt concentration. At the same time,
the span of the corona itself continues to decrease as a

ln CAC ) -(NBτB
2)2/3 + R4/5τB

4/5NA
3/5cs

-2/5

peq(cs)0) =
(NBτB

2)2

(RNA)3
(30)

H(cs) = H0(rD/xλH0)
2/3 = NAR2/3s-1/3cs

-1/3 (31)

Fcorona(cs)/kBT = H2(cs)/NA = NA(R2cs
-1)2/3s-2/3 (32)

seq(cs) = R4/5NA
3/5τB

-6/5cs
-2/5 (33)

peq(cs) =
NB

2τB
8/5cs

6/5

R12/5NA
9/5

(34)

Heq(cs) = NA
4/5R2/5τB

-6/5cs
-1/5 (35)

4478 Borisov and Zhulina Macromolecules, Vol. 35, No. 11, 2002



power function of the salt concentration until the
screened Coulomb repulsion in the corona gets weak in
comparison to the steric repulsion.

The equilibrium aggregation number in polyelectro-
lyte micelles can be measured in experiments with
quenching fluorescence, small-angle neutron (SANS), or
static light (SLS) scattering. The hydrodynamic radius
of the micellar corona can be independently measured
in dynamic light scattering (DLS) experiments.

It is necessary to mention, however, that micelles
formed in experimental systems are not always the
equilibrium ones; i.e., there is no equilibrium exchange
of chains between the micelles and the bulk solution.
As a result, the aggregation number in these micelles
does not adjust variable external conditions (e.g., tem-
perature, salt concentration) but is predetermined by
the history of the sample preparation. Sometimes in
order to get micelles that are stable in a wide range of
variation of the external conditions, the core-forming
block with a sufficiently high Tg, such as polystyrene,
is used. Polyelectrolyte micelles with a glassy cores may
exhibit stability at almost constant aggregation num-
bers in a wide range of temperature and ionic strength
variation. These micelles are reminiscent of the poly-
electrolyte stars. For example, as a response to increas-
ing ionic strength of the solution, these micelles expe-
rience much stronger contraction Rcorona ∼ cs

-1/5 (see eq
19) as compared to the equilibrium micelles, where
Rcorona ∼ cs

-1/11, eq 27. The exponent close (although a
bit weaker than) -1/5 for Rcorona vs cs has been obtained
by Guenoun et al.11e by measuring both the hydro-
dynamic radius (DLS) and the gyration radius (SLS) of
the NaPSS/PtBS micelles. Although the Tg for insoluble
PtBS is significantly lower than the room temperature,
there was no evidence of rearrangement of micelles
(variation of the aggregation number) in a wide range
of salt concentration, thus suggesting that these micelles
were out of equilibrium.

In recent DLS experiments by Förster et al.,28 micelles
formed by block copolymers comprising poly(styrene-
sulfonic acid) (PSSH) as a polyelectrolyte block and poly-
(ethylethylene) (PEE) as a hydrophobic block have been
investigated in a wide range of salt concentration. The
exponent -0.13 for the hydrodynamic radius of the
starlike polyelectrolyte micelle as a function of salt
concentration have been found. This result is in a good
agreement with our prediction, eq 27, and indicates an
equilibrium nature of the (PEE-PSSH) micelles, which
is most probably related to an appropriate choice of the
hydrophobic block. Still more systematic experimental
studies on the equilibrium polyelectrolyte micelles are
necessary.

Another type of equilibrium that is not taken into
account in the presented above theory is an equilibrium
with respect to ionization/recombination of charged
monomers with the counterions. This effect is negligible
as long as the ionization constant is sufficiently high,
and all the ionizable monomers in the polyelectrolyte
blocks are actually ionized. The situation become more
complicated for weak (so-called annealing) polyelectro-
lytes, like poly(acrylic acid), PAA. In the latter case the
ionization constant is sufficiently small so that the
degree of ionization (equal to the fraction of charged
monomers in the polyelectrolyte block) depends strongly
on the local concentration of hydrogen ions. The con-
centration of the hydrogen ions in the micellar corona
is expected to be much higher than in the bulk of the

solution. As a result, at pH ∼ pK the ionization of
polyelectrolyte blocks appears to be strongly coupled to
association. We shall consider these effect in our forth-
coming publication.
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